Abstract. In [3] , Del Valle, Enochs and Martínez studied flat envelopes over rings and they showed that over rings as in the title these are very well behaved. If we replace flat with injective and envelope with the dual notion of a cover we then have the injective covers. In this article we show that these injective covers over the commutative noetherian rings with global dimension at most 2 have properties analogous to those of the flat envelopes over these rings.
Introduction
R will denote a commutative ring with identity. Let X be a class which is closed under isomorphism, direct summands, and finite direct sums. An X -envelope of a module M is a linear map φ : M → X with X ∈ X such that the following two conditions hold;
(1) Hom R (X, X ) → Hom R (M, X ) → 0 is exact for any X ∈ X . (2) Any f : X → X with f • φ = φ is an automorphism of X.
If φ : M → X satisfies (1), and perhaps not (2) , φ is called an Xpreenvelope of M . Dually, an X -precover of M is a linear map ψ : X → M with X ∈ X such that Hom R (X , X) → Hom R (X , M ) → 0 is exact for any X ∈ X and if an X -precover ψ : X → M of M satisfies the condition that any f : X → X with ψ • f = ψ is an automorphism of X, then ψ : X → M is called an X -cover of M .
Note that an X -envelope (an X -cover, respectively) of a module is unique up to isomorphism, if it exists. By convention, (pre)envelopes and (pre)covers are named according to the name of the class X . For example, an injective cover is an X -cover where X is the class of injective modules.
We recall that for a class X of R-modules, X ⊥ consists of all Rmodules K such that Ext 1 R (X, K) = 0 for all X ∈ X and ⊥ X consists of all R-modules G such that Ext
Wakamatsu's lemma ([7, Lemma 2.1.1] or [6] ) says that if ψ : X → M is an X -cover of an R-module M and if X is closed under extensions, then Kerψ ∈ X ⊥ . Conversely, if ψ : X → M is a surjection with X ∈ X and Kerψ ∈ X ⊥ , then for any
In studying injective covers, the modules C such that Hom R (E, C) = 0 and Ext 1 R (E, C) = 0 for all injective modules E play an important role (because of Wakamatsu's lemma). If the ring is k[ [x, y] ] with k a field, this class contains all direct summands of products of modules of finite length (Theorem 2.9). One objective of this paper is to study modules C with Hom R (E, C) = 0 and Ext 1 R (E, C) = 0 for all injective modules E over a noetherian ring R with global dimension at most 2.
Rings with global dimension at most 2
From results in [2, Proposition 8.1], we know that if φ : E → M is an injective cover with kernel K, then Hom R (Ē, K) = 0 and Ext
Since f = id E is one possibility, this is the only one. 
Diagrammatically this says we have a commutative diagram
where the rows represent the extensionsξ and ξ.
, where E is the class of injective R-modules. Proof. We will only sketch this argument (which is due to Naveed Zaman). Since R is noetherian, there is a representative set of indecomposable R-modules. Then for the given R-module M , we see that there is a family 0 → M → G i → E i → 0(i ∈ I) of short exact sequences where E i is indecomposable and injective such that any short exact sequence 0 → M → G → E → 0 with E indecomposable and injective is isomorphic over M to one of the sequence 0
be an exact sequence with E an arbitrary injective module. Then E is the direct sum of indecomposable injective modules. If E is any indecomposable injective submodule of E, we have the short exact sequence
But then using the fact that E is the direct sum of some set of such E ⊂ E we see that we have the following commutative diagram When we say that (R, M, k) is a local ring, we mean that R is a local ring, M is the unique maximal ideal of R and k is the residue field of R. For any module M , the injective envelope of M is denoted by E(M ). . So for P ∈ SpecR, if P = M, let t ∈ P and t ∈ M. Then multiplication by t on E(R/P ) is an isomorphism and is zero on k. From this we can get Hom R (E(R/P ), k) = 0 and Ext 1 R (E(R/P ), k) = 0. If P = M, the Matlis duality gives Hom R (E(k), k) = 0 and Ext
is an exact sequence with E injective and K ∈ E ⊥ , where E is the class of injective R-modules,
has the above properties.
The next theorem shows that there is a plentiful supply of modules C over R = k [[x, y] ] with Hom R (E, C) = 0 and Ext
Theorem 2.9. If a module C over R = k[[x, y]] with k a field is a direct summand of a product of modules of finite length, then C has the property that Hom R (E, C) = 0 and Ext
Proof. If we use induction on the length of C, it is not hard to argue that any module C of finite length over R has the desired properties. And we easily see that the class of modules C with these properties is closed under products and summands. 
for n ≥ 1 are injective precovers is called an injective resolvent of M . If the maps E n+1 → Ker(E n → E n−1 ) are furthermore injective covers, then we call our sequence a minimal injective resolvent.
Note that the minimal injective resolvent is unique up to isomorphism and finite sums of minimal resolvents are minimal resolvents.
For arbitrary class X , it is not in general true that the product of X -covers is an X -cover (even if X is closed under products). The next result shows this is the case in our situation.
Theorem 2.11. Let R be a noetherian ring with gl.dim.R ≤ 2. 
But this means that Hom R (E , Kerφ) = 0 for any injective module E . To get
is an injective cover, we need only show that if C i = Kerφ i for each i ∈ I, then C i has no nonzero injective submodules. Now ifĒ is an injective submodule of
(2) This follows from [2, Proposition 4.1] when we take E m = 0 for m > n.
To get Ext 1 R (E(k), R) = 0 we only need to argue that Hom R (E(k), E(R/P )) = 0 when htP = 1 by [5] . If γ ∈ M and γ ∈ P , then the multiplication E(R/P ) → E(R/P ) by γ is an isomorphism. But for x ∈ E(R/P ), γ n x = 0 for some n ≥ 1. If f : E(k) → E(R/P ) is linear, then 0 = f (γ n x) = γ n f (x). This implies f (x) = 0 by the above. So we get Ext
An equivalence of module categories
In this section we assume R is a commutative noetherian ring with global dimension at most 2. We find an equivalence between the category of modules C we have been considering and another category of modules.
Let C be the category of R-modules C such that Hom R (E, C) = 0 and Ext 
So from this way we get a well-defined functor G : D → C. Also, it is easy to see that G is an additive functor. We know from Lemma 2.1 and Lemma 2.3 that for each C ∈ obj(C), E(C)/C has no nonzero injective submodules and E(C) → E(C)/C is the injective cover. If f : C 1 → C 2 is a C-morphism, then there is a linearf : E(C 1 ) → E(C 2 ) such that the following diagram commutes
, then there exists an extensionf :
Hence we get the following proposition. 
